This paper studies an option contract for coordinating a supply chain comprising one risk-neutral supplier and two risk-averse retailers engaged in promotion competition in the selling season. For a given option contract, in decentralized case, each riskaverse retailer decides the optimal order quantity and the promotion policy by maximizing the conditional value-at-risk of profit. Based on the retailers' decision, the supplier derives the optimal production policy by maximizing expected profit. In centralized case, the optimal decision of the supply chain system is obtained. Based on the decentralized and centralized decision, we find the coordination conditions of the supply chain system, which can optimize the supply chain system profit and make the profits of the supply chain members achieve Pareto optimum. As for the subchain, we also find the coordination conditions, which generalize the results of the supply chain with one supplier and one retailer. Our analysis and numerical experiments show that there exists a unique Nash equilibrium between two retailers, and the optimal order quantity of each retailer increases (decreases) with its own (competitor's) promotion level.
Introduction
The current business environment is full of uncertainties, including market demand, risk preference, lead times, price fluctuation, and transport. These uncertainties entail new risks in matching supply and demand [1] , and these risks inevitably lead to supply chain inefficiency. Such problems have been encountered by companies such as Mattel, Inc., a toy maker [2] .
As supply chains become more and more complex, their coordination is an increasingly significant challenge for supply chain agents in industry. With channel coordination, supply chain efficiency has been tremendously improved, and issues involving double marginalization have been well resolved. Coordination among supply chain agents by setting incentive alignment contracts is a hot topic in supply chain management. Various contracts have been shown to achieve coordination in supply chains, such as buyback contracts [3] , quantity-flexibility contracts [4, 5] , sales-rebate contracts [6] , quantity-discount contracts [7] [8] [9] , and revenue-sharing contracts [10] . The option contract is a useful tool to hedge the risk of operations management and can coordinate the supply chain effectively [1, 2, [11] [12] [13] [14] [15] .
In fact, option contracts have been widely used in many industries and are becoming popular in supply chain management. For example, option contracts are used for 35% of Hewlett-Packard's procurement value. In particular, its purchases of memory chips involve option contracts with its suppliers [11] . Boeing offers option contracts to airlines for purchase of aircraft [16] .
Ritchken and Tapiero [17] introduced the option contract to hedge against price and quantity fluctuation risks in inventory control. Tsay [18] showed that the option contract can be used to coordinate the supply chain and increase buyers' replenishment flexibility. Early studies of this issue were based on the assumption that supply chain agents were risk-neutral [2, 11, 13, 14, 19] , and few papers considered agents' risk preference (such as loss aversion). In fact, the decision-making behavior of managers has been found to deviate from maximizing (expected) profit in a way consistent with loss aversion [20] , as shown by many experimental studies and observations of managerial 2 Mathematical Problems in Engineering decision-making under uncertainty [21] [22] [23] [24] [25] . To the authors' knowledge, Gan et al. [26] were the first to study supply chain coordination issues with loss-averse agents. Xu [27] obtained the loss-averse retailer's optimal ordering policy and the supplier's optimal decision under an option contract and demonstrated that both sides can benefit. Zhao et al. [14] demonstrated that option contracts can coordinate the supply chain and achieve Pareto improvement using a cooperative game approach. Zhao et al. [15] explored supply chain coordination with bidirectional option contracts and derived a closed-form expression for the retailer's optimal order strategies with a general demand distribution. Chen et al. [1] investigated supply chain coordination issues with a risk-neutral supplier and a risk-averse retailer and proved that option contracts can make the supply chain achieve the Pareto optimum. Obviously, the above research is only concerned with the coordination of supply chain upstream and downstream.
In the real environment, the supply chain coordination should be involved in both the upstream and downstream, but also in the same layer. Ingene and Parry [28] explored the wholesale pricing behavior within a two-level vertical channel consisting of a manufacturer selling through multiple independent retailers and analyzed the optimality of channel coordination for all channel members. Padmanabhan and Png [29] examined the manufacturer's return policy for two competing retailers with and without demand uncertainty. Yao et al. [30] further considered the manufacturer's return policy in a newsboy model in which the random demand faced by two competing retailers was sensitive to retail price. Xiao et al. [31] studied a supply chain coordination model with a price-subsidy rate contract, in which there were one manufacturer and two competing retailers. Xiao and Qi [32] investigated the coordination of a supply chain with one manufacturer and two competing retailers, using two mechanisms, after the production cost of the manufacturer was disrupted. However, above researches did not involve option contracts and the supply chain agents are risk-neutral.
Generally, high risk implies high return, but also high loss. A risk-averse individual would prefer to receive a relatively lower return to avoid a potential huge loss. When decision-makers focus on risk control, a number of riskrelated performance criteria may be used to measure the risk caused by uncertainty in supply chain management. Specifically, conditional value-at-risk, defined as the weighted average of value-at-risk and losses strictly exceeding VaR, has attracted much attention in recent years and has been widely used in finance, insurance, and supply chain management. CVaR is a consistent risk measure with better properties and computing performance than other measures [33, 34] . Yang et al. [35] researched supply chain coordination with a riskaverse retailer and a risk-neutral supplier and showed that the supply chain can achieve channel coordination in a CVaR framework with revenue-sharing, buyback, two-part tariffs, and flexible-quantity contracts. Chen et al. [1] discussed supply chain coordination with a loss-averse retailer under an option contract, although they used the prospective theory to describe the retailer's risk preference. Chen et al. [36] studied stable and coordinating contracts for a supply chain with multiple risk-averse suppliers under a CVaR objective. Wu et al. [37] considered a risk-averse newsvendor problem with quantity and price competition under the CVaR criterion. Hsieh and Lu [38] extended the work of Padmanabhan and Png [29] and Yao et al. [30] researched manufacturer's return policy in a two-stage supply chain with two risk-averse retailers and random demand via CVaR.
Different from the work of Zhao et al. [14] , Chen et al. [36] , Wu et al. [37] , and Hsieh and Lu [38] , we investigate the coordination of supply chain with a risk-neutral supplier and two risk-averse retailers engaged in promotional competition based on an option contract and a CVaR criterion. This paper will focus on the following problems: (1) What are the optimal order quantity and the promotion policies of the two riskaverse retailers engaged in promotional competition with a CVaR criterion and what is the risk-neutral supplier's optimal production decision in the presence of an option contract and a CVaR criterion? What are the characteristics of these decisions? (2) Does there exist a unique equilibrium point between two risk-averse retailers engaged in promotional competition? (3) How can a supply chain with two risk-averse retailers engaged in promotional competition be coordinated based on an option contract and a CVaR criterion? (4) What is the impact of the promotional competition on the retailer's optimal ordering policy, the supplier's optimal production decision, and supply chain coordination?
To address these problems, the following scenario will be studied. There are two risk-averse retailers engaged in promotional competition, who are selling the same products. The demand for each retailer is stochastic and depends partially on the retailer's promotion level. In the decentralized case, the objective of each risk-averse retailer is to maximize his conditional value-at-risk of profit, and the supplier's goal is to maximize his expected profit. The existence of equilibrium point between two risk-averse retailers engaged in promotional competition will then be explored. In the centralized case, the optimal decisions for the supply chain system-wide will be discussed. The purpose of this study is to investigate supply chain coordination issues and to explore the impact of promotional competition on the retailers' optimal order quantity, the supplier's optimal production decision, and supply chain coordination. To the best of the authors' knowledge, this problem has not been considered in a situation with an option contract and a CVaR criterion. This paper differs from existing research on supply chain coordination in three aspects. First, there exists a unique Nash equilibrium between two retailers, and the impacts of the promotion level on the retailer's equilibrium option order quantity are analyzed. Secondly, the impact of a shortage penalty cost on the supplier's optimal production decision is considered. Finally, the coordination conditions for such a supply chain under the option contract and the CVaR criterion are obtained.
The remainder of this paper is organized as follows. Section 2 presents the model formulation and the assumptions made. Section 3 describes the decentralized case, involving the optimal option order quantity and the promotion policy of two retailers under an option contract and a CVaR criterion and the supplier's optimal production decision under an option contract. The equilibrium competition between two risk-averse retailers is also analyzed. Section 4 explores supply chain system and its subchain coordination issues, and the corresponding coordination conditions are given. Section 5 illustrates the impact of the promotion level on the optimal order quantity of each retailer through numerical experiments. Section 6 concludes the paper.
Model Formulation and Assumptions
Let us consider a one-period, two-echelon supply chain coordination problem. The supply chain consists of one riskneutral supplier and two risk-averse retailers engaged in promotion competition. In the traditional Cournot competition, the demand is considered as the determination [10] , but, in fact, the demand is uncertain. We assume that two retailers order the product from the supplier with demand uncertainty. The uncertain demand faced by retailer ( = 1, 2) is , which takes on an additive form, and can be expressed as = + . ⩾ 0 is a demand relating to the market scale and promotion level. We assume that = ( , 3− ) is a linear function, increasing (decreasing) monotonically with the retailer's (the competitor's) promotion level ( 3− ), which can be described by the amount of promotional products. Let ( ) denote the promotional cost of retailer , which is a second-order differentiable function satisfying (0) = 0. Let = ( ) be a monotonically increasing function, with its inverse function denoted as
is a continuous, differentiable, and invertible random variable, which is independent of . For simplicity, let have the same probability density function ( ) and cumulative distribution function ( ). ( ) is nonnegative, strictly increasing, and invertible and satisfies (0) = 0 and ( ) = 1 − ( ). is total market demand, = 1 + 2 , which increases monotonically with the total promotion level.
The product is perishable, with a comparatively long lead time and a short selling season. This paper focuses on activities from the beginning of the production season to the end of the selling season. At the beginning of the production season, retailer and the supplier sign an option contract with two parameters, denoted as ( , ), where is the option price and is the exercise price. At the same time, each retailer purchases an option quantity, denoted as , at unit price . Then the supplier makes his production decision based on the retailers' option order quantities and begins to produce. In the selling season, depending on actual demand, retailers begin to exercise their option quantities. The unit sale price of retailer is , and the unit production cost of the supplier is . If the supplier fails to complete the option order quantity exercised by the retailers, then the retailers have the right to punish the supplier by shortage penalty cost, denoted as , which is the cost to the supplier to obtain an additional unit of product by expediting production or buying from an alternative source.
Without loss of generality, it is assumed that the salvage of the supplier and retailers is zero and that there are no credit losses for retailers in an out-of-stock situation. To avoid trivial problem and to ensure profit for all parties, it is assumed that < + < . The notation + = max{0, } will be used.
Retailers' Optimal Option Order Policy
At the beginning of the production season, retailer purchases an option order quantity with an option contract. When retailer is risk-neutral, the profit of retailer , denoted as ( , , ), is
In (1), the first term is the sales revenue, the second term is the option cost, the third term is the exercise cost, and the last term is the promotional cost. Then the corresponding expected profit, denoted as
Because retailer is risk-averse, the degree of risk aversion should be taken into account in determining the option order quantity. In this paper, retailer takes the CVaR as his performance measure because the CVaR risk measure is a relatively conservative decision-making criterion [35] .
According to the definition given by Rockafellar and Uryasev [33] , the definition of the CVaR on retailer 's option order quantity and promotion level is given by the following.
Definition 1. -CVaR on retailer 's option order quantity and promotion level , denoted as
where
is a quantile and ∈ (0, 1] reflects the degree of risk aversion for retailer (the smaller is, the more risk-averse retailer is).
To facilitate the calculation, an equivalent definition is given by [33, 34] [ ] = max
where is a real number. Let
Combining expressions (2) and (5), with some algebra, yields 4
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Property 1.
[ ] is a strictly differentiable concave function on ( , ).
The objective of retailer is to maximize his CVaR measure [ ]. The optimal solution of (3), denoted as ( * , * ), can be obtained using (3), (6), and Property 1.
Theorem 2. Given the degree of risk aversion for retailer and the competitor's promotion level 3− , retailer 's optimal option ordering policy is given by
where = ( / ) , = ( , 3− ), and = ( ).
Theorem 2 shows that retailer 's optimal option order quantity contains two parts, one is related to the promotional competition, and the other is determined by stochastic demand. This result is consistent with the form of demand faced by retailers. When retailer achieves the optimal level of promotional activity * , retailer 's option order quantity * satisfies the following property.
Property 2. Given the optimal promotion level * for retailer , then retailer 's optimal option order quantity * satisfies the following properties:
* / < 0, * / < 0, * / > 0, and
In Property 2, the first two items show that when the option price and the exercise price rise, retailer will reduce his cost by reducing the option order quantity to ensure his profit. The third item illustrates that the higher is, the lower retailer 's degree of risk aversion will be, making * higher. This result is consistent with the intuition that risk-averse retailers would rather have a steady income than take a risk to obtain more benefit. When = 1, retailer is risk-neutral, and retailer 's optimal order policy ( 0 * , 0 * ) is
where 0 = / . Obviously, * < 0 * and * < 0 * . Wang and Webster [12] derived a similar conclusion; however, their result is based on a whole-price contract for a supply chain with a loss-averse retailer. The last item in Property 2 indicates that the higher the competitor's promotion level is, the lower the retailer 's optimal option order quantity will be, and corresponding profit will be reduced. When retailer 1 is in his best promotional environment, the upper bound on * 1 is obtained when 2 = 0 in (7), and the lower bound on * 1 is obtained when 2 → ∞ in (7) . Therefore, the curve Figure 1 .
is retailer 2's optimal option order quantity, similar conclusions will be obtained. Figure 1 also illustrates the reaction curve of retailer 2, that is, the curve 2 = * 2 ( 1 , * 2 ). As illustrated in Figure 1 , there is an equilibrium point between the two retailers. At the equilibrium point, if each retailer knows the best level of promotional activity of the other, then the two retailers' competition satisfies the following equilibrium equations:
where e * = ( * 1 , * 2 ). The next theorem shows the existence and uniqueness of Nash equilibrium between the two retailers.
Theorem 3.
Given that each of the two risk-averse retailers knows the best promotion level for the other, then there exists a unique Nash equilibrium between the order quantities of two retailers engaging in promotion competition, and the equilibrium satisfies the following conditions:
Theorem 3 indicates that at the equilibrium point, * 1 = * 2 , it is possible to obtain the relationship of the two retailers on sale price, option price, exercise price, and degree of risk aversion for retailer ; that is, 1 = 2 and 1 / 2 = 1 / 2 . The first item indicates that the two retailers have the same profit per unit of product (promotional cost is not considered), and the second item shows that the two retailers' degree of risk aversion is proportional to the difference between the sale price and the exercise price (excluding the sale price, option price, and exercise price, and degree of risk aversion of the two retailers is the same).
Supplier's Optimal Production Decision
Before the production season, the supplier will determine the production quantity in accordance with the retailers' option order quantity. Considering that the two retailers will not exercise all their options at the beginning of the selling season, the supplier will reduce production by running the risk of being punished. The supplier's profit, denoted by , is
where is the profit from the supplier's selling of the production to retailer and is the supplier's option production for retailer . On the right-hand side of the sum in (12) , the first term is the option cost that retailer pays to the supplier, the second term is the supplier's revenue when retailers exercise their options, the third term is the production cost, and the last term is the shortage penalty cost. The corresponding expected profit is
Property 3.
[ ] is a second-order differentiable function in and satisfies the following properties:
Property 3 shows that the higher the option price and the exercise price are, the higher [ ] will be, and the higher the production cost and the penalty cost are, the lower [ ] will be. These results are consistent with our intuition and the actual situation.
In the proof of Property 3, letting the first-order partial derivative of [ ] with respect to be equal to zero,
According to (15) , the supplier's production decision for retailer , denoted as Δ , is given by
where = ( − )/ . The first-order partial derivative of Δ with respect to is Δ / = / 2 ( Δ − ( * , 3− )) > 0, which implies that, for given , * , and 3− , the supplier's production is increasing in . In other words, the supplier will choose to produce more options to reduce the loss when the shortage penalty cost increases. But if the shortage penalty cost is greater than a certain critical value, the supplier will produce all the options, or his marginal loss will be greater than the marginal profit. Combining (7) and (15) yields the shortage penalty threshold value:
The first-order partial derivative of̂with respect to iŝ / = /( − ) 2 > 0, which indicates that the penalty threshold valuêwill be higher when retailer is not very risk-averse. According to the above analysis, it is clear that the penalty threshold value directly impacts the supplier's production decision. The supplier's optimal production decision for retailer is given by
From (18), it is known that when is less than̂, the supplier will accept the penalty and will produce only Δ units of 6 Mathematical Problems in Engineering options for retailer ; otherwise, he will produce all option order quantity. At the same time, the total optimal production quantity * of the supplier for two retailers is given by
When = 1, the penalty threshold value is = / , and the corresponding optimal production decision 0 * of the supplier for retailer is
Obviously,̂< and * < 0 * .
Supply Chain Coordination
It is well known that the optimal decision of supply chain system-wide is the benchmark for supply chain coordination.
To derive the optimal decision of the channel, the supply chain is taken as one entity, and the profit of the supply chain system is formulated and denoted as :
where and are, respectively, the order quantity and the promotion level for retailer in the supply chain system. On the right-hand side of the sum in (21) , the first term is the sales revenue, the second term is the production cost, and the last term is the promotion cost. The corresponding expected profit is
Obviously, the optimal decision of the supply chain can be obtained by maximizing (22) . Let the first-order partial derivative of [ ] with respect to and be equal to zero:
where = − , = 1,2. In addition, the leading principle minors of matrix of [ ] are as follows: − ( ) < 0, ( ) + 3− ( ) ( 3− )( 3− , ) 2 > 0. The optimal decision for the channel in (22) can be obtained as follows:
, and 3− , = 3− , . The optimal order quantity and the promotion level of the supply chain system-wide can be used as the benchmark for supply chain coordination to adjust the option parameters. The coordination conditions of supply chain will be given by the following theorem. 
Theorem 4. The supply chain of a risk-neutral supplier and two risk-averse retailers engaging in promotion competition with an option contract and a CVaR criterion can be coordinated by the following conditions:
In Theorem 4, the first two items show that if the supply chain can be coordinated, then the two retailers first achieve competitive equilibrium. The third item implies that retailers are not very risk-averse; that is, retailers will pursue profit by taking some risk. Let Δ = ( +Δ , 3− )− ( , 3− ), Δ = ( + Δ , 3− ) − ( , 3− ), and
, where Δ is a small change on the promotion level of retailer . The fourth item shows that if the promotion level of retailer changes Δ units, then retailer 's demand will change Δ units, and the other retailer's demand will change Δ 3− units in the centralized case; retailer 's demand will change ( Δ + 3− Δ 3− )/ units in the decentralized case. This relationship is brought about by the two retailers' competition and promotional activities. Furthermore, the penalty threshold value must be higher than the sale price, or the supplier will not produce all option order quantity. Finally, by adjusting the parameters of the option contract, the whole supply chain profit can reach the optimum, and the profits of supply chain members can achieve Pareto optimum. Then we will discuss the subchain coordination conditions. Figure 2 shows that the supply chain contains two subchains, and the coordination conditions of subchain will be given by the following theorem. 
From Theorem 5, we can see that the first three coordination conditions of are similar to that of the entity supply chain. The last condition implies that Δ > Δ , which means that the level of the promotion activity of retailer in decentralized decision is higher than in centralized decision.
Furthermore, we can derive the coordination conditions of supply chain with a neutral supplier and a neutral retailer ( 1 ), supply chain with a neutral supplier and a risk retailer ( 2 ), and subchain of supply chain with a neutral supplier and two neutral retailers engaging in promotion competition ( 3 ). In the coordination conditions of , when and are 1 and 0, respectively, we get the coordination conditions of 3 and 2 , which are consistent with the conclusion of [39] , and when = 1 and = 0, the coordination conditions of 1 are obtained. Now we compare them in Table 1 . From Table 1 , we find that the penalty cost is higher than the retail price for four supply chains or subchains coordination conditions. Obviously, this condition is beneficial for the retailers to fully exercise the option, and the supplier has to produce all option order quantity to reduce loss. Table 1 shows that the sale price of 1 is higher than 2 , which embodies the characteristic of the retailer's risk aversion. Similar conclusions exist in and 3 .
Numerical Analysis
In this section, we carry out numerical experiments under the model assumption to illustrate our findings. We let 1 = 55, 1 = 33.5, 1 = 5.8, 2 = 54.7, 2 = 32.6, 2 = 6.7, 1 = 0.68, 2 = 0.71, = 27.5, and 1 = 60 and 2 = 56. For simplicity, we assume that the random demand variable of each retailer is uniformly distributed on [0, 300], and ( , 3− ) = 100 + 5 − 0.43 ⋅ 5 3− . The retailers' optimal option order policy and supplier's optimal production decision in decentralized case and the optimal supply chain decision system-wide are shown in Table 2 (note that the data are rounded). In Table 2 , retailers' optimal order quantity is the same as the supplier's production decision, and the level of two retailers' promotional activity remains consistent in decentralized case. Furthermore, the optimal profit of supply chain system is the same as that of the retailers and the supplier in decentralized case, which implies that the supply chain consisting of a risk-neutral supplier and two risk-averse retailers in competition and engaged in promotion is coordinated under the option contract and CVaR criterion.
Then we analyze the impact of the level of the promotional activity on the retailers' order quantities by fixing * 1 = 85 and * 2 = 85, respectively, and varying 2 and 1 from 0 to 200 in steps of 5 corresponding * 1 and * 2 . Figure 3(a) shows that retailer 1's order quantity will increase when 1 increases; however, retailer 2's order quantity will decrease, similar to Figure 3(b) . Figures 3(a) and 3(b) also illustrate the unique equilibrium point between two risk-averse retailers, which is in agreement with the conclusion of Theorem 3.
Conclusion
This paper investigates an option contract for coordinating a supply chain with one risk-neutral supplier and two riskaverse retailers engaged in promotion competition. Based on the option contract, the optimal option order quantity and the promotion level of two retailers are obtained with CVaR criterion. The impact of the promotion level on the optimal order quantity of each retailer is studied, and a unique Nash equilibrium between two retailers is derived. Based on the retailers' optimal option order policy, the supplier's optimal production decision is further obtained by maximizing expected profit. Furthermore, we discuss the coordination issues of the supply chain system and its subchain and give the corresponding coordination conditions. Both in supply chain and in its subchain, the penalty cost threshold value should be higher than selling price to stimulate the supplier to produce all option order quantity, and the retailers' degree of risk aversion should not be too high. Numerical experiments illustrate the unique Nash equilibrium between two retailers and show that the optimal order quantity of each retailer increases (decreases) with its own (competitor's) promotion level.
Of course, this study includes some limitations which require further exploration in the future. For example, the supply chain that we studied above is assumed to have a risk-neutral supplier, which implies that the supplier has no risk preference. However, it is known that the supplier's risk attitude determines the option price and the exercise price, which will in turn affect the option order quantity and the coordination conditions. Therefore, in future work, the supply chain with a risk-averse supplier and risk-averse retailers can be taken into account.
Appendix
Proof of Property 1. The first-order and second-order partial derivatives of in (6) with respect to are as follows:
Obviously, 2 / 2 ⩽ 0, which implies that is a differentiable concave function of . The stationary point, denoted as * ( , ), is the maximum point. From (A.1), Proof of Theorem 3. From Property 1, it is known that [ ] is strictly concave on ( , ) and that the strategy space [0, +∞) × [0, +∞) of retailer is a compact convex set. Therefore, there is a pure strategy Nash equilibrium between the two retailers. Furthermore, the equilibrium strategy of the two retailers in the game must be inside the space, and therefore the balance of the game is unique [40] . The desired result follows and the proof is complete.
Proof of Theorem 4. The optimal decision of the supply chain system-wide can be used as a benchmark to search for the coordination conditions. First, if * = * , then * = * , * = * , and = ; that is, (( − − )/( − )) = ( − )/ . Then the following result can be obtained: 
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